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Abstract
Variable selection has been widely used in regression detimgmot only to select informative variables, but also to
simplify the statistical model. A computer experiment ltheptimization approach employs design of experiments
and statistical modeling to represent a complex objectivetion that can only be evaluated pointwise by solving
an optimization subproblem. In large-scale applicatidims,number of variables is huge, and direct use of computer
experiments would require an exceedingly large experiatatgsign and, consequently, significant computational
effort. Typically, a large portion of the variables havéldiimpact on the objective; thus, there is a need to elirginat
these before performing the complete set of optimizatidapsablem computer experiments. Ideally, variable sedecti
would be conducted after a small number of computer expatimens, likely fewer runsr) than the number of
variables p). Conventional variable selection techniques cannot Ipdieapin this “largep and smalln” problem.
We explore the use of regression trees and a multiple teptimgedure based on false discovery rate. Performance
of the selected variables is measured using the coefficfestgtermination 22) and relative errors. Two real world
applications are studied, an air quality stochastic dyngrigram and an airline fleet assignment problem.
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1 Introduction

In recent years, variable selection has received condilleedtention in various areas for which datasets with thou-
sands of variables are available. These areas includd/sigage processing, bioinformatics, process monitorangl

text mining. The main objective of variable selection isdentify a subset of variables that are most predictive or
informative of a given response variable. Further, sudaksaplementation of variable selection simplifies theient
modeling process and, thus, reduces computational angtimahkfforts. Variable selection is particularly of imésst
when the number of candidate explanatory variables is Jaigé many redundant or irrelevant variables are thought
to be present.

In this paper, the purpose of variable selection is to spged new class of large-scale optimization methods
based on design and analysis of computer experiments (DACHen, Tsui, Barton and Allen 2003). In DACE, a
design is used to organize a set of computer experiment sores to enable fitting of a statistical “metamodel” that
approximates performance measure output from the comgxperiment. The metamodel is then used for additional
purposes, often a larger optimization task. In traditidDACE, the computer experiment is a simulation (Kleijnen
2005; Sacks et al. 1989). In DACE-based optimization, thepmaer experiment solves an optimization problem.
This approach has been successfully applied for value ibmeétpproximation in stochastic dynamic programming
and Markov decision processes (Chen 1999; Chen et al. 198h,@inther and Johnson 2003; Tsai et al. 2004),
where the computer experiment is an optimization that jpiewia point on the value function. More recently, a
DACE-based approach has been developed for two-stageastizprogramming (Pilla 2006).

For modeling a performance function in optimization, sushaa objective function or a value function, our re-
search has focused on the use of multivariate adaptivessigresplines (MARS, Friedman 1991; Tsai and Chen
2005; Shih et al. 2006). In large-scale optimization agians, the number of variables in a DACE-based approach
can initially be in the hundreds or thousands. Although andatsimply attempt a MARS approximation over these
extremely high-dimensional spaces, typically, many \deés have little affect on the performance measure. Thus, a
data mining step to conduct variable selection is essefitied studies presented in this paper test the use of regnessi
trees and a multiple testing procedure based on false disgoate for variable selection.



2 Variable Selection

2.1 Variable Importance Scoresfrom CART

Classification and regression trees (CART) developed bynizne et al. (1984) have become a very popular data
mining tool for supervised learning. The CART forward aitfum uses binary recursive partitioning to separate the
variable space into rectangular regions based on simnyilafithe response values. In this paper, we utilized CART
software from Salford Systemsww.salfordsystems.com). For variable selection, this software provides “vari-
able importance scores.” The variable that receives a 10@® sedicates the most influential variable for prediction,
followed by other variables based on their relative impoetato the most important one. However, there are some
different options for calculating the scores, and selgctive threshold of the scores may be subjective. Furthey, thi
method tends to select an overly small number of variabldsis otivates the development of an objective and
systematic approach for variable selection.

2.2 Multiple Testing Procedure Based on False Discovery Rates

We begin with a brief introduction of the multiple testingoppedure. Suppose through some modeling process, we
have a collection of hypothesis tests and the correspondirdues{p; }?_,, wherep; is thep-value of testing the null
hypothesis and is the number of variables. In the literature, it is standarchoose g-value threshold and declare

the variablev; significant if and only if the correspondingvaluep, < 7. A common approach in multiple testing
nowadays is the false discovery rate (FDR) procedure (B@njaand Hochberg 1995) since it is well-known that we
need to adjust the significance level when conducting maltigsts and that the conventional Bonferroni-corrected
significance level is too conservative to pick true significzariables. The FDR is defined as the expected proportion
of false positives among all the hypotheses rejected (Bainjeand Hochberg 1995). The general FDR-procedure to
identify significant variables is as follows: Consider aiesgi0f hypotheseq-values, and orderegtvalues, denoted

H;, pi, andpy;, respectively.

e Choose a fixedr, where0 < o < 1.

e Findi = max|i 1PE) S e T%O , Whererg (= "2) denotes the proportion of trué;.

e If i > 1,Q = {All rejected H; with p; < p;;)} with FDR() < a.
If 2 = 0, do not reject any hypothesis sin@e= ().

In general,ry = 1 is the most conservative possible choice. Thus, weryse 1 in this paper. For more details of
the choice ofrg, refer to Efron (2004) and Storey and Tibshirani (2003).

221 FDR-based variable selection from regression trees

Generally, a conventional FDR procedure for variable sielecequires a categorical response variable that segsarat
the data intac groups, where is the number of categories. For each predictor variabletesefor differences in
thec samples, using &test orF-test. However, because the response variable generatahiputer experiments is
continuous in most cases, we need to categorize the origispbnse. A mean or median value of the response variable
can be used to separate the response variable into two giughsand low, if the response surface is monotonic. In
an air quality application presented later, we show thecéffeness of this simple grouping strategy. However, if the
relationship between the response and the predictors imowbtonic, such that the separation by high and low values
does not make sense, then alternate grouping strategieseded. In order to address this problem, we use binary
regression trees to partition the response observatidosnieaningful groups. An algorithm constructing binary
regression trees partitions the space into two regiongyusia predictor variable and splitting-point that achieves
the best improvement in fit. This partitioning process iseapd to one or both of these regions until a termination
criterion has been reached. Based on the terminal nodegjsson trees, the response value can be separated
into a certain number of groups, and an FDR procedure can fileedgor variable selection. Note that for three or
more groups, an analysis of variance (ANOVA) table is cartged for each predictor variable and its significance is
tested using aR-test. This approach simultaneously takes advantage t#ssign trees and an FDR procedure. The
possible drawback of this approach is that we may lose thgnadi characteristics of a continuous response variable
by grouping it. Moreover, too many categories in the respanay lead to too many significant variables.



2.2.2 Inverse FDR

In order to maintain the continuous characteristic of a@asp variable in an FDR procedure, we propose a hew
FDR approach for variable selection, called inverse FDRe iftain idea is to create a set of new variables that has
the same number of original predictors by grouping the respwariable based on the predictors and conducting an
FDR procedure on these new variables. This is analogoustoetampling technique because each new variable is
re-sampled from the original response based on each predatiable. Inverse FDR is similar to the original FDR
procedure, except that the hypothesis test is conducteuearontinuous response grouped by each predictor variable,
as opposed to testing the continuous predictor variabtaggd by the response values. The setting and procedure for
inverse FDR is as follows:

e For each predictor variable, divide the response variatile d groups based on the values of the predictor
variable.

e For each predictor variable, conduct a statistical test. (etest, ANOVA F'-test) on its corresponding set of
response variable groups, and recordghalue. There will be ong-value for each predictor variable.

e Use thep-values to conduct an FDR procedure that identifies whicHiprer variables are statistically signifi-
cant.

If the response surface is known to be convex or concave, anoonoccurrence in optimization, then inverse FDR
with ¢ = 3 groups should be sufficient. In general, more complex nealirstructure can be captured with more
groups.

3 Applications

3.1 Air Quality Stochastic Dynamic Program

The increasing concentrations of ground-level ozone inutti@an (and often rural) atmosphere continues to be one
of the major environmental issues today. Ground-level ezemot emitted directly into the air, but is created by a
complex series of reactions involving nitrogen oxides (NCNO + NO,) and volatile organic compounds (VOCS) in
the presence of sunlight (Sillman et al. 1995). The primayses of NQ are power plants, automobiles, and industry.
VOCs have both anthropogenic sources (cars, industry) atutlal sources (vegetation). Therefore, in order to contro
ground-level ozone it is necessary to control emissions@f Bind VOCs. Yang (2004) developed an ozone pollution
decision-making framework for metropolitan Atlanta ustnBACE-based stochastic dynamic programming approach.
Atlanta, in particular, is “NQ-limited,” which means that targeting VOC emissions is rfteaive (Chameides et al.
1988). The objective of the decision-making framework vealéntify the critical regions and time periods in which
to reduce NQ@, so as to attain the EPA ozone limit. The initial set of vaealdor Atlanta considered NOreductions
in 25 regions and 102 point sources over 5 time periaddmaximum ozone concentrations at 4 monitoring stations
over 4 prior time periods. Thus, the total number of variahitethe initial set of variables was 651. As part of the
framework, the significant point sources were identifiedueng the number of point sources from 102 to 15 and the
total number of variables from 651 to 216. Of the 216, 5 wenmiehted for reasons related to inactivity of point
sources in specific time periods. Hence, the analysis pieséere was conducted on a set of 211 predictor variables.
A Latin hypercube experimental design with 500 runs was ueecbllect data on ozone concentrations from the
Atlanta Urban Airshed Model (U.S. EPA 1990). These data wegal to evaluate the impact of the predictor variables
on maximum ozone.

To see the potential for further dimension reduction, tHkdang five cases of variable selection were examined:
(i) none, (ii) forward-backward stepwise regression) DR usingp-values obtained based ornt atatistic for each
regression coefficient, (iv) FDR usimgvalues obtained based on two-sampkatistics, (v) FDR applied to a ran-
domly selected subset of the observations (150), usinglues obtained based on two-sampigatistics. Cases (i),
(i), and (iii) use the original continuous response vagabwhile the response variables used in cases (iv) and (v)
were categorized into two groups based on their median salties important to note that in case (v), the number of
variables (211) is larger than the number of observatioB8)(i.e., the “largew and small” problem.

The numbers of variables selected for each case and théimgsubefficients of determination??) are reported
in Table 1. The FDR procedure significantly reduces the nurobeariables and maintains good prediction accuracy



Table 1: Variable selection performance for the air quajyplication.

Variable Selection Method Number of Variables Selected R?(%)
None 211 98.9
Forward-backward stepwise regression 49 98.6
FDR with continuous response 9 95.5
FDR with categorized response 13 96.4
FDR with categorized responge;> n 5 92.3

compared with the model constructed with all variables.ther the result from case (v) demonstrates that FDR-
based feature selection can efficiently handle the “largaxd smalln” problem. In this air quality application, the
FDR-based feature selection method with a simple groupiregegy (using median) seems to work well because
the response surface, although technically nonlinearstrasg linear components. However, not all applications
have strong linear components. In next section, we intrechtber variable selection methods that can handle a
non-monotonic response surface.

3.2 Robust Airline Fleet Assignment

The robust fleet assignment model addressed in Pilla (2066 a two-stage stochastic programming framework
along with the Boeing concept of demand driven dispatch psevew-compatible aircrafts closer to departure, when
most of the demand has been realized. Crew-compatibleafisdrave identical cockpits, allowing an airline to swap
aircrafts without swapping crews. The two-stage formalatissigns crew-compatible aircrafts in the first stageyibo
90 days prior to departure, so as to enhance the demandioggtotential of swapping in the second stage, about two
weeks prior. The stochasticity of the demand is modeled figrdnt demand scenarios in the second stage, and the
average over the scenarios estimates the expected praiexpected profit function is known to be concave.

Traditional two-stage stochastic programming uses a Bshdpproach or L-shaped method (Birge and Louveaux
1997); however, for large-scale problems, this can be stoaotverge. Pilla (2006) developed a two-phase DACE
approach to reduce the computation involved in conductiegoptimization. The DACE Phase uses first-stage con-
straints in a multi-step process to construct an experiaheatsign within the feasible region, then builds a stafdti
model that approximates the expected profit function in tist §tage of the stochastic program. The Optimization
Phase solves the two-stage problem using the DACE expentéitlgpproximation instead of solving many second-
stage subproblems in every iteration. This greatly speedhe@ optimization, compared to Benders’, because the
computation of the subproblems is shifted to the DACE Phékmvever, further speedup may be achieved by con-
ducting variable selection prior to the DACE Phase.

For a real airline network with 50 stations and 2358 legs DAEE Phase reduced the decision space from 6537
to 1264 dimensions, and the multi-step process derived difidliextreme points, which were then expanded into
3562 design points in the feasible region. The second-stalggroblem is then solved for each of these design points.
Among the 1264 decision variables, there are still many cessary ones that could be identified via variable selection
enabling a much smaller set of design points. Using only tigpoblem solutions for the 141 initial extreme points,
we studied five cases of variable selection: (1) none, (2) C¥driable importance scores greater than 0.0, (3) FDR on
3 groups identified by CART, (4) FDR on 4 groups identified byRJAand (5) Inverse FDR. The resulting numbers of
variables selected are shown in Table 2. For comparisoropag) a MARS approximation (with automatic stopping
rule, Tsai and Chen 2005) for each of the 5 variable sets wasifig the 3562 design points. Relative errors were
calculated using a validation data set of 1600 points, aadebulting boxplots are shown in Figure 1. It can been seen
that all the variable selection methods produce approximstthat are nearly as good as the case without variable
selection. As another comparison, 36 variables were rahydsatected and tested in the same manner. This resulted
in a maximum relative error d§.0727 and a median relative error 6f0693, which are clearly larger than those in
Figure 1.
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Figure 1: Boxplots of the relative errors from the five valéakelection cases for the fleet assignment application.

Table 2: Variable selection results for the fleet assignrapptication.

Variable Selection Method Number of Variables Selected
None 1264
CART Variable Importance Scores 36
FDR with 3 groups from CART 565
FDR with 4 groups from CART 820
Inverse FDR 476

4 Concluding Remarks

Several methods for handling the “largeand smalln” problem have been discussed and tested on two large-scale
DACE-based optimization applications. The air quality laggion was seen to be a fairly straightforward applicatio
for FDR, given the strong linear components of the responsiace. By comparison, the robust fleet assignment
application has concave nonlinearity, and the decisioiabbys have many 0 and 1 values. This motivated the inverse
FDR approach, although all the methods tested yielded gpprbaimations.
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