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Abstract

Time series classification is a supervised learning problem aimed at labeling temporally structured
multivariate sequences of variable length. The most common approach reduces time series classification
to a static problem by suitably transforming the set of multivariate input sequences into a rectangular
table made by a fixed number of attributes. Then, any of the existing efficient methods for classification
can be applied for learning and predicting the class of future temporal sequences.

In this paper we propose an extension of discrete support vector machines, that have been shown to
outperform other competing classification methods on benchmark datasets, for time series classification.
In order to transform a temporal dataset into the rectangular shape we also develop a constrained
variant of dynamic time warping. Preliminary computational results on marketing datasets indicate the
effectiveness of the proposed method in comparison to other techniques.
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1 Introduction

Time series classification is a supervised learning problem aimed at labeling temporally structured mul-
tivariate sequences of variable length. Several applications have been naturally cast in the form of time
series classification, such as labeling the trajectories of vehicles monitored by video surveillance systems,
or indexing ECG diagrams in a medical diagnosis context. However, there are also application domains
where the temporal nature of the data is less evident and has been usually neglected. For instance, a large
majority of classification problems arising in the field of relational marketing are based on sequential data:
the behavior of customers is observed through time, and their buying attitude or their interactions with the
company do certainly compose multivariate time series. When dealing with marketing data, it is a common
practice to reduce them to tabular shapes by simply consolidating the variables along vertical time frames
on the temporal dimension. We believe that by properly framing classification problems in the marketing
field within a temporal setting may lead to a higher forecasting accuracy, as shown by our computational
experience.

In general, several alternative paradigms for time series classification have been proposed, that we cannot
summarize due to space limitations; we refer the reader to (Kadous and Sammut, 2005). However, we observe
that a common approach is based on a two-step procedure: first, a rectangular representation of the time
series is derived by suitably transforming the set of multivariate input sequences into a fixed number of
attributes, through different rectangularization mechanisms; then, a static classification method is applied
for labeling the data, such as support vector machines (Wu and Chang, 2004), neural networks (Nanopoulos
et al., 2001), induction trees (Rodriguez and Alonso, 2004), and so forth. Another approach, which seems
to be very effective for univariate time series classification, is instead based on the definition of a suitable
measure of similarity between pairs of time series allowing to detect clusters as a mean for predicting the
class of new temporal sequences (Xi et al., 2006; Keogh and Ratanamahatana, 2004).
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Italy. E-mail address: carlotta.orsenigo@unimi.it

†Corresponding author. Dipartimento di Ingegneria Gestionale, Politecnico di Milano, P.za Leonardo da Vinci 32, 20133
Milano, Italy. E-mail address: carlo.vercellis@polimi.it

1



In this paper, we are aimed at applying a family of methods known as discrete support vector machines
(DSVM) to time series classification. Different variants of DSVM have been shown to outperform other
techniques when dealing with classification problems (Orsenigo and Vercellis, 2003, 2004, 2006a,b). In order
to fully exploit the intrinsic temporal dependence in the data, we propose a modified dynamic time warping
(DTW) method to derive a rectangular representation of time series. By this way, the dependence from
time is preserved in the derived tabular shape, and furthermore a proper phasing and alignment of the time
series is fully exploited. For example, in marketing applications customers with different lifetime profiles are
aligned and phased, allowing to extract the maximum amount of information carried through their recorded
behavior. Furthermore, we propose a new temporal variant of DSVM in which the optimization model takes
into account also the total similarity among time series belonging to the same class.

The paper is organized as follows. Section 2 defines the time series classification problem and describes
the proposed rectangularization technique based on constrained DTW. In section 3 a new classification
model based on temporal DSVM is presented. Finally, in section 4 computational setup and experiences are
discussed.

2 Rectangularization by constrained dynamic time warping

In classification problems, termed static to underline the difference from temporal classification defined below,
a set Sm = {(xi, yi), i ∈ M = {1, 2, . . . , m}} of training input-output examples is given. Here xi ∈ R

n is
an input vector of attributes and yi ∈ D = {1, 2, . . . , D} is the categorical output value associated to xi.
Each component xij of an example xi is a realization of a random variable Bj , j ∈ N = {1, 2, . . . n}, that
will be referred to as an attribute of Sm. Let H denote a set of functions f(x) : R

n �→ D that represent
hypothetical relationships between xi and yi. A classification problem consists of defining an appropriate
hypotheses space H and a function f∗ ∈ H which optimally describes the relationship between inputs and
outputs. When there are only two classes, i.e. D = 2, we refer to binary classification problems, while
the general case is termed multicategory classification. For binary problems we assume that yi ∈ {−1, 1},
without loss of generality.

In temporal classification problems we are given a set of multivariate time series {Ai}, i ∈ M, where
each Ai = [ailt] is a rectangular matrix of size L × Ti. Here l ∈ L = {1, 2, . . . , L} is the index associated to
the attributes of the time series, whereas t ∈ Ti = {1, 2, . . . , Ti} is the temporal index, that may vary in a
different range for each Ai. To every time series is also associated a class label yi ∈ D. The classification
problem consists of defining an appropriate function f∗ which optimally describes the relationship between
the time series {Ai} and their labels {yi}, in the sense of minimizing some measure of misclassification.

As an example of temporal classification, consider a relational marketing problem in the telecommuni-
cation industry where each time series Ai corresponds to the transactions of a single customer recorded at
different time periods, and the attributes may represent the number, value and duration of the calls made
for different types of connections. To model and predict customers loyalty, one can formulate a binary classi-
fication problem in which the label yi indicates whether a customer is still active (+1) or has churned (−1),
presumably leaving the company for accessing the services of some competitor.

Hence, the main difference between static and temporal classification problems lies in the native rectan-
gular structure of the former, opposed to the variable length of each record in the latter. Due to the vast
amount of alternative effective methods available for static classification problems, it is rather natural to de-
velop a two-phase procedure for dealing with time series classification. First, an appropriate transformation
is devised to obtain a rectangular representation of the set {Ai}. Then, a method for static classification is
applied to the rectangular dataset obtained in the first phase.

For instance, to achieve a rectangularization one may fix a priori the number T of desired time periods,
subdividing the time axis in T portions and then consolidate by summing or averaging each attribute of each
series over the different time intervals. Of course, this representation appears somewhat simplistic, and it is
likely to loose important information embedded in temporal dependence within each time series.

In this section we propose a rectangularization scheme based on a constrained extension of dynamic time
warping (DTW), a method originally proposed in the context of speech recognition and signal processing
(Sakoe and Chiba (1978)) and successfully applied as a proximity measure for clustering and labeling uni-
variate (1-dimensional) and bivariate (planar) time series (Xi et al. (2006); Vlachos et al. (2006)). As a
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similarity measure, DTW has proven to be more robust and versatile than the Euclidean distance since, un-
like this latter, it copes with sequences of variable length and automatically performs shifts in the sequences
to identify similar profiles with different phases. Furthermore, it has been shown that DTW distance can be
calculated in polynomial time for the 1-dimensional case, whereas its computation becomes NP-complete
for L ≥ 2.

We start by describing DTW for univariate time series, that is L = 1, where a single attribute is
recorded for each time series along its time trajectory. Given two univariate time series Ai and Ak, let
Gik = [gik(r, s)], r = 1, 2, . . . Ti, s = 1, 2, . . . Tk, be a Ti×Tk matrix whose generic element gik(r, s) corresponds
to the squared distance obtained by the potential alignment of periods r and s in the two series, i.e.

gik(r, s) = (ai1r − ak1s)2. (1)

In order to find the optimal alignment between Ai and Ak, we have to compute a warping path through
the matrix Gik, that is a contiguous path starting from the bottom leftmost corner gik(1, 1), ending at
the top rightmost corner gik(Ti, Tk) and minimizing the total cumulative distance. Hence, a warping path
Pik = {(r1, s1), (r2, s2), . . . , (rV , sV )} is represented by a sequence of V pairs of time periods, corresponding
to a path of contiguous cells in the matrix Gik. It can be easily seen that the warping path determines also a
bipartite matching between the time periods of the two time series. In general, the length V of the sequence
is variable and lies in the interval [max(Ti, Tk), Ti + Tk − 1].

The warping path can be computed by a dynamic programming algorithm, based on the following recur-
sive equation

q(r, s) = gik(r, s) + min{q(r − 1, s − 1), q(r − 1, s), q(r, s − 1)}, (2)

where q(r, s) denotes the cumulative distance of the path from cell gik(1, 1) to cell gik(r, s). In practice, the
number of paths considered during the search for the warping path can be reduced by imposing a number
of constraints (Keogh and Ratanamahatana, 2004).

Turning to multivariate time series, the concept of warping path can be generalized by defining the
distance associated to the potential alignment of periods r and s in the two series Ai and Ak as

gik(r, s) =
L∑

l=1

(ailr − akls)2. (3)

By a natural extension of the recursive equation, one can derive a dynamic programming algorithm also for
the multidimensional case L ≥ 2, although at the expense of a higher time complexity. However, notice that
the dynamic programming algorithm can be turned into an effective heuristic procedure that approximates
the warping path by applying suitable constraints that limit the search space.

In order to derive a rectangularization of the time series {Ai}, capable of taking into account their profiles
and capturing their behavior, we consider a constrained extension of DTW in which the number V of cells
in the warping path is fixed a priori and is constant for each pair of time series (Ai,Ak). Actually, we select
from the training set a template time series Ai′ for each class label and we compute the constrained warping
path with constant V between Ai′ and each other time series belonging to the same class. This leads to
O(m) executions of the DTW algorithm. Then, we build a 3-dimensional m × L × V matrix in which the
first entry corresponds to the time series, the second to the attributes and the third to the number V of cells
in the warping paths. For each series Ai we take its value in the entry (i, l, v) of the matrix as the value ailr ,
where r is the time period aligned in the v-th cell of the warping path connecting the time series Ai to the
corresponding template Ai′ . Finally, to obtain a rectangular m× n matrix, with n = L× V , we proceed by
sequencing for each time series Ai the attributes and the time periods.

3 Temporal discrete support vector machines

At the end of the rectangularization phase, described in section 2, we may assume that the set of time series
is represented by a m×n matrix. In this section, we propose a new mathematical programming model which
extends the notion of DSVM in order to perform time series classification.
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For many binary classification methods the generic hypothesis takes the form f(x) = sgn(g(x)), where
g(x) : R

n �→ R is a properly defined score function. If the space H is based on the set of separating hyper-
planes in R

n, we have g(x) = w′x − b and f(x) = sgn(w′x − b). In order to choose the optimal parameters
w and b, SVM resort to the minimization of the following risk functional (Vapnik, 1995; Cristianini and
Shawe-Taylor, 2000)

R(f) =
1
m

L(y, f(x)) + λ‖f‖2
K , (4)

where K(·, ·) is a given symmetric positive definite function named kernel ; ‖f‖2
K denotes the norm of f in the

reproducing kernel Hilbert space induced by K (Berg et al., 1984) and plays a regularization role; L(y, f(x))
is a loss function that measures the accuracy by which the predicted output f(x) approximates the actual
output y; λ is a parameter that controls the trade-off between the empirical error and the regularization
term.

In the theory of SVM, the loss function measures the distance of the misclassified examples from the
separating hyperplane, and is given by

L(y, f(x)) =
∑
i∈M

|1 − yig(xi)|+, (5)

where g is a score function such that f(x) = sgn(g(x)) and |t|+ = t if t is positive and zero otherwise.
According to DSVM, the loss is instead represented by a discrete function which counts the number of
misclassified examples, and given by

L(y, f(x)) =
∑
i∈M

ciθ(−yig(xi)), (6)

where θ(t) = 1 if t is positive and zero otherwise, while ci, i ∈ M, is a penalty for the misclassification of
the example xi. This leads to the formulation of a mixed-integer programming problem that corresponds
to the minimization of (4) with the loss function in (6), with the inclusion of an additional regularization
term, representing the number of attributes which define the separating hyperplane. The minimization of
this term is aimed at reducing the dimension of the space H in order to derive optimal hypotheses of lower
complexity and higher generalization capability.

The problem of determining an optimal separating hyperplane is formulated as follows in the DSVM
framework. The number of misclassified points is computed by means of the binary variables

pi =
{

0 if xi is correctly classified
1 if xi is misclassified , (7)

while the count of the number of attributes defining the separating hyperplane is based on the binary variables

qj =
{

0 if wj = 0
1 if wj �= 0 . (8)

Let hj , j ∈ N , be the penalty cost of using attribute j. Let S and R be sufficiently large constant values, and
α, β, γ the parameters to control the trade-off among the objective function terms. The following discrete
support vector machines model can be formulated

min
w,b,p,u,q

α

m

m∑
i=1

cipi + β

n∑
j=1

uj + γ

n∑
j=1

hjqj (DSVM)

s. t. yi (w′xi − b) ≥ 1 − Spi i ∈ M (9)
uj ≤ Rqj j ∈ N (10)

−uj ≤ wj ≤ uj j ∈ N (11)
u ≥ 0, p,q binaries,

where the family of bounding variables uj, j ∈ N , and the constraints (11) are introduced in order to linearize
the norm of f in the risk functional (4).
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In order to extend model DSVM to temporal classification, let each example xi represent the row corre-
sponding to time series Ai in the rectangular representation obtained at the end of the first phase. For each
example xi of the training set Sm define the binary variable

si =
{

0 if w′xi − b ≥ 0
1 if w′xi − b < 0 , (12)

indicating to which of the halfspaces supported by the hyperplane the example belongs.
For each pair of examples (xi,xk) in Sm define also the binary variable rik taking the value 1 if xi and

xk lay inside the same halfspace and the value 0 otherwise,

rik =
{

0 if {si = 1 and sk = 0} or {si = 0 and sk = 1}
1 if {si = 1 and sk = 1} or {si = 0 and sk = 0} . (13)

Let dik be the DTW distance between the pair of time series (Ai,Ak) and Q be a sufficiently large constant
value. We can now formulate the following optimization problem termed temporal discrete support vector
machines (TDVM):

min
w,b,p,u,q,r

α

m

m∑
i=1

cipi + β

n∑
j=1

uj + γ

n∑
j=1

hjqj + δ

m∑
i=1

m∑
k=1

dikrik (TDVM)

s. t. yi (w′xi − b) ≥ 1 − Spi i ∈ M (14)
w′xi − b ≥ −Qsi i ∈ M (15)
w′xi − b ≤ (1 − si)Q − ε i ∈ M (16)
rik ≤ 1 − si + sk i, k ∈ M (17)
rik ≤ 1 + si − sk i, k ∈ M (18)
rik ≥ −1 + si + sk i, k ∈ M (19)
rik ≥ 1 − si − sk i, k ∈ M (20)
uj ≤ Rqj j ∈ N (21)

−uj ≤ wj ≤ uj j ∈ N (22)
u ≥ 0, p,q, r binaries.

The last term in the objective function (TDVM) represents the sum of the DTW distances between all the
pairs of time series assigned to the same class. The inclusion of this term is motivated by the fact that time
series in the same class usually exhibit resemblance in the temporal profiles. Thus, by its minimization, the
model aims at deriving a separating hyperplane that is optimal also with respect to the similarity of the time
series. Constraints (15) and (16) determine on which halfspace point xi lies with respect to the supporting
hyperplane, therefore fixing the value of the binary variables si. Here ε > 0 is a small constant required
since the lower halfspace supported by the hyperplane is open. In practice its value can be set equal to the
zero precision used in the solution algorithm. Finally, constraints (17), (18), (19) and (20) are required to
force variables rik to one if and only if si = sk.

4 Computational setup and analysis

The two-phase method proposed has been implemented and tested as follows. The rectangularization heuris-
tic procedure computes the constrained DTW distance using a dynamic programming algorithm whose search
space is reduced by imposing additional bounding constraints. The experiments conducted indicate that a
suitable value of the constant V should vary in the range (Tav, min{Tmax, 1.5Tav}), where Tav and Tmax are
the average and the maximum length of the time series {Ai}, respectively. The template time series Ai′ is
selected for each class among those whose length is closer to the average length within the same class.

Model (TDVM) is a mixed binary programming problem, for which a suboptimal solution can be ef-
ficiently obtained by a slight modification of the technique proposed in previous papers for solving other
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DSVM models. The method is based on solving a short sequence of relaxed linear programming problems,
that leads at each step to fix a number of binary variables.

To validate the proposed method we have applied it to a number of datasets composed by multivariate
time series arising in real marketing applications, for retention, cross-selling and acquisition in the telecom-
munication, automotive and retail industries. For each dataset, ten-fold cross validation was applied to
estimate the accuracy achieved. Different settings were setup in order to evaluate the impact of the model-
ing parameters, such as the rectangularization constant V and the relative weight factors α, β, γ, δ appearing
in the formulation of model (TDVM).

To make comparisons we have considered alternative classifiers based on a standard rectangularization
technique obtained via averaging the attributes on fixed time intervals. On all datasets considered the
proposed method achieved a significant increase in the accuracy, ranging between 3% and 5%.

Although these results are still preliminary, and require further support on publicly available multivari-
ate temporal datasets, they seem to indicate that the proposed method, based on rectangularization via
constrained DTW and a extended version of DSVM, has a great potential to perform accurate classification
of time series.
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