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Abstract— We consider the case of classification with dis-
crete support vector machines. While standard support vector
machines use a continuous approximation to measure classifi-
cation errors discrete support vector machines incorporate a
step-function minimizing errors directly. We argue that this
modification facilitates more accurate class predictions. In par-
ticular, applications that involve cost sensitive learning with
asymmetric costs per error type should benefit from a discrete
error measure. However, while support vector machines are
trained by minimizing a convex quadratic program discrete
support vector machines require solving a more complex mixed
integer program. Therefore, we develop a tabu search heuristic
to train the respective classifier. Considering the structure of
the underlying optimization problem its optimal solution has to
be contained in the set of extreme points of a relaxed problem
that can be solved by fast linear programming methods. Our
tabu search exploits this observation utilizing the respective
extreme points as the neighbourhood between candidate solu-
tions. Using this extreme point tabu search we compare discrete
support vector machines with standard support vector ma-
chines on well known benchmark data sets. Experiments in-
clude standard as well as cost sensitive classification settings.
The discrete support vector machine is found to deliver supe-
rior results when cost-distributions are uneven while it per-
forms competitive in standard settings.

I. INTRODUCTION

he support vector machine (SVM) is a supervised learn-

ing algorithm capable of solving linear and non-linear
binary classification problems. A classifier D is a machine
that performs a mapping from a multi-dimensional input
space X — R"to a discrete output spaceY . Elements from
Y are interpreted as class labels and we use the term classifi-
cation to refer to the process of assigning a label
y, €Y tox; € X. The vector x, is called an example or ob-
servation and consists of n individual attributes. Given a

m

data set S of m pre-classified patterns S ={(x;, y;)},a clas-

sifier is constructed by induction such that the risk of mis-
classifying novel examples with yet unknown class member-
ship is minimized [1, 2]. This minimization is also referred
to as training the classifier. Subsequently, we consider the
special case of binary classification where y, e {-1,+1}.
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Applications of classification can be found in several do-
mains like managerial decision support (e.g. classifying loan
applicants in good or bad credit risks [3]), medical diagnosis
(e.g. classifying cancerous versus healthy cells [4]), text
mining as well as speech or image recognition.

SVM training consists of solving a convex, quadratic pro-
gram (QP) using a continuous approximation of classifica-
tion error. Recently, Orsenigo and Vercellis [5] proposed a
discrete SVM (DSVM) formulation that avoids this ap-
proximation and minimizes classification errors directly.
Therewith, DSVM also facilitates explicit cost-minimization
making it a promising candidate for scenarios where the
costs of misclassification are uneven. However, constructing
a DSVM with binary error variables involves solving a non-
convex combinatorial program. Since standard SVM is
based on a quadratic convex problem classifier training is
substantially more expensive for DSVM.

We propose an extreme point tabu search heuristic for
DSVM training exploiting the fact that the optimal solution
of the resulting mixed integer program (MIP) is contained in
the set of extreme points of the continuous relaxation [6].
Consequently, standard simplex pivot operations provide an
effective way to define the neighborhood for any local
search based algorithm. To evaluate our training procedure
we conduct an empirical study comparing SVM and DSVM
on well known benchmark data sets. These experiments in-
clude symmetric as well as asymmetric cost settings to in-
vestigate not only the accuracy of DSVM but also its effec-
tiveness for cost-sensitive learning.

The remainder of the paper is organized as follows. A
brief introduction to SVMs is given in the following section
before discussing the DSVM formulation and its extensions
to non-linear classification. Subsequently, Section Il de-
scribes the tabu search heuristic to solve the DSVM training
problem. Results of our empirical comparisons with the
standard SVM can be found in Section IV. Conclusions are
given in Section V.

Il. SUPPORT VECTOR MACHINES

A. Standard support vector machines

The standard SVM is a linear classifier so that class pre-
dictions y(x) are based on evaluating a linear equation:

y(x) = sign((w*-x) +b*). 1)
The parameters w* and b* in (1) are obtained by solving a
convex QP with linear constrains; see (3) below. This pro-

gram is derived from the idea to separate the training data
set S with a maximal margin hyperplane [7]. That is, the



algorithm strives to maximize the distance between exam-
ples of contrary classes which are closest to the separating
plane; see Fig. 1. It has been shown that maximizing the
margin of separation improves the generalization ability of
the resulting classifier, i.e., it minimizes the risk of misclas-
sifying novel examples [8]. To construct such a maximal
margin classifier one has to minimize the norm of the weight
vector w under the constraint that the training patterns of
each class reside on opposite sides of the separating surface;
Fig. 1. Since y, e{-1,+1} we can formulate this constraint

as:
yi((w-x)+b) =1, i=1,.,m. 2
Examples which satisfy (2) with equality are called support
vectors since they define the orientation of the resulting hy-
perplane.
To account for misclassifications, e.g. examples where
constraint (2) is violated, the so called soft margin formula-
tion introduces continuous slack variables & e R [7]. To

construct a SVM classifier one has to solve a convex QP:

minw,bé§||W||+(1—/i’)[c+ D E+C Y fi]
()

{i|yi:+1} {i|yi:—1}
st.: yi((w-x)+b)>1-&, i=1,..,m
& 20, i=1,..,m.
In (3), £ is atuning parameter which allows the user to con-
trol the trade off between maximizing the margin and mini-
mizing misclassifications within the training set. Note that

(3) is an slightly extended SVM providing a mechanism to
account for asymmetric misclassification costs by weighting

errors with class dependant weights C* and C [9, 10].
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Fig. 1: Linear separation of two classes +1 and -1 in two-dimensional space
with SVM classifier [8].

To construct non-linear decision surfaces SVMs imple-
ment the idea to map the input vectors into a high-
dimensional feature space via an a priori chosen non-linear
mapping function ® . Constructing a separating hyperplane
in this feature space leads to a non-linear decision boundary
in the input space. Expensive calculations in high-
dimensional spaces can be avoided by introducing a kernel

function. A kernel K calculates the dot product of two vec-
tors in a transformed space directly in the input space:
K (X, X;) = () - O(X;). (4)
Instead of solving (3) directly, standard methods for SVM
training [11-13] consider the dual problem. Since the input
data appears only in form of dot products in the dual integra-
tion of kernel functions this straightforward and does not
affect the overall training algorithm [7]. Prominent candidate
kernel functions are linear, radial or polynomial kernels [8].

B. Discrete support vector machines

The original SVM utilizes the distance of a misclassified
point to the separating hyperplane as error measure. That is,
the discrete classification error is replaced by the continuous
proxy & for computational convenience; see (3). DSVM [5]
reverses this simplification and replaces & by 6, e[O,l] to

obtain a QP with integer constraints:
minwybé£||w||+(1—ﬁ)[c* > g+C Y H‘J
2 fily=+} fili=—1}
st.: y,((w-x)+b)=21-6, i=1,..m
6, €{0,1},
This program is non-convex and non-differentiable due to
the integer constraint so that standard procedures for SVM

training are no longer applicable. One idea to solve (5) is to
replace the integer constraint with a linear relaxation, e.g.:

min, ;2 o+ (1- ﬁ)[c*{ e ¥ }eiJ
(6)

(®)

i=1,..,m.

ily; =+1
st.: yvi((w-x)+b)>1-6, i=1,..m
0<6 <1,
Since (6) can be solved by standard QP algorithms one
could follow a branch and bound strategy [14] to find an
optimal solution. However, considering the performance of
standard QP solvers this approach would be feasible only for
small data sets [15]. Therefore, we consider a modified
DSVM formulation: We substitute the L2-norm in SVMs’
objective by the L1-norm to obtain a linear program (LP).
We justify this simplification with two observations. First,
the modification does not affect the core principle of SVM
to balance the two competitive goals of constructing a classi-
fier with large margin and low training error. Therefore, the
modified SVM is still compatible with the principle of struc-
tural risk minimization [8]. Second, it has been shown that
the L1-norm forces more elements of the weight vector to
zero and therewith increases the interpretability of the classi-
fier [16, 17]. Interpretability is beneficial in any application
giving further support for using the L1-norm.
The resulting formulation is given in (7) where u; de-

i=1,..,m.

notes a primal decision variable that controls the value of the
weight vector wand Q is a sufficiently large number.



min

Zu+1 ﬂ(C*ZH+C Za]

w,b,6,u
{ilyi=+1 {ilyi=-1
st.: Vi((w-x)+b)>1-Q6, i=1,.
-Uu; Sw; < j=1..n ™
0, €[0,1] i=1..,n
u; >0 i=1..,n.

Note that (7) allows a different interpretation of C* and

C™ . These values serve as an abstract measure of error im-
portance in standard SVM (3) used to weight a proxy for
classification error. As a rule of thumb the reciprocal of the
classes’ prior is a prominent choice for these parameters [17-
19]. On the contrary, in DSVM we can interpret C* and C~
as true cost values in an economical sense.

Consider, e.g., the case of credit scoring. The two error
types of predicting a defaulting customer as credit worthy
and denying credit to a good risk customer are associated
with different costs. While one could incorporate these val-
ues or respective estimates directly into (7) their usage in (3)
is questionable due to the multiplication with a continuous
distance. Therefore, we argue that DSVM might be a better
choice for cost-sensitive learning.

C. Extension to non-linear classification

DSVM (7) is a linear classifier. For SVMs, the standard
procedure to overcome this limitation is the usage of a ker-
nel function to non-linearly transform data prior to separa-
tion. This is accomplished by considering the dual of pro-
gram (3) where the input data appears only as dot products.
Unfortunately, this procedure is not feasible for DSVM:
Consider, e.g., problem (6). This differs from the original
SVM (3) only by imposing an upper bound on the slack
variable. This primal constraint causes a non-linear con-
straint @, (-6, +1) =0 in the dual problem (omitted for brev-

ity), with e, being the Lagrangian multiplier of the primal

constraint. Consequently, the dual cannot be solved effi-
ciently and we will develop a primal algorithm to solve (7)
directly.

Following the suggestion of [5] we construct a hierarchy
of nested DSVM classifiers, i.e., a decision tree using
DSVM as splitting criterion. Hence, the input space is recur-
sively partitioned into disjoint regions by linear hyperplanes
and each region is labeled as belonging to class +1 or -1
respectively. This procedure is continued until the tree
depth, e.g. the number of nodes, exceeds a user-specified
value. In addition, we prohibit splitting a node if either the
ratio between minority and majority class examples or the
overall number of examples would fall below a user-
specified threshold. Our experimental results confirm that
these rules are sufficient to prevent over-fitting and that no
additional pruning is required.

I1l. A TABU SEARCH HEURISTIC FOR DSVM
Problem (7) is a LP with continuous (w,b,u) and dis-

crete () decision variables. Obviously, it is computationally

much more expensive than (3) due to the integer constraint.
Since standard SVM optimization techniques are no longer
applicable we develop an alternative approach. As a starting
point, we consider the aforementioned relaxation of DSVM
replacing the integer variable & with an upper bounded con-
tinuous variable.

Zu+1 ﬁ[c+29+c Ze]

minw,b,é),u
{ily; =+1} {ily; =—1
st.: yi((w-x)+b)21-Q6, i=1..,m ®)
-U; Sw; <u; j=l ,N
0<0,<1 i=L..,n
u; >0 ji=1..,n

Program (8) provides an upper bound for the optimal solu-
tion of DSVM and can be solved by fast LP-algorithms [20].

In order to solve (7) we develop a tabu search (TS) algo-
rithm. TS is a meta-heuristic to solve combinatorial optimi-
zation problems. The idea is to find a feasible solution and
search its neighborhood for better candidates using local
hill-climbing strategies. Here, better means higher / lower
objective values for maximization / minimization problems.
The name TS originates from the fact that the algorithm in-
corporates some heuristics which prohibit certain moves
(tabu moves) to avoid cycling and stops at suboptimal points
[21]. For example, consider an optimization problem incor-
porating only zero-one variables. Let the values of the bi-
nary variables be arranged in a bit string of length n. Then,
we could define the neighborhood of a given solution to be
the set of all adjacent solutions that have a Hamming dis-
tance of one from the current solution and consider all
moves leading to solutions previously visited in the search
as tabu moves; see [22-24] for details.

Our TS implementation is based on the observations that
feasible solutions, and consequently the optimal one, for the
zero-one problem (7) are contained in the set of extreme
points of the relaxation (8); see [6]. Therefore, the extreme
points of the polyhedral constraint region defined by (8)
form a natural neighbourhood for TS. The general structure
of this extreme point tabu search (EPTS) [6, 25] is as fol-
lows: 1) Use the simplex method to solve (8) and use the
LP-optimal solution e as a starting point for TS. 2) Examine
adjacent solutions in the neighbourhood of e. These are all
solutions that can be obtained by ordinary simplex pivot
operations, e.g. exchanging a current basis variable for a
non-basis variable. 3) Select the move that results in the
largest improvement of the objective value and is not con-
tained in the tabu list. 4) Execute the selected move and up-
date the tabu list using information on the time a variable is
pivoted (recency information) and its overall numbers of
pivots (frequency information).



Important design decisions are: the strategy for screening
the candidate list in step 2), the move evaluation function
and the rules and memory structures for the tabu list.

In general, the optimal solution for the relaxation (8) will
not be MIP-feasible so that some of the relaxed & will be

between zero and one and. We define the sum of these vari-
ables to measure the integer infeasibility (ii) of the given
solution (9). Put another way, ii is the amount a given solu-
tion fails to fulfil the integer constraint and is zero for all
MIP-feasible solutions.
i = ..
{H;;Lq J ©)

Considering screening the candidate list, each TS move can
increase/decrease the current objective value z and in-
crease/decrease the current amount of integer infeasibility ii
Therefore, every pivot operation belongs to one of four ele-
mentary types, e.g. increase z and decrease ii (best moves)
or decrease z and increase ii (worst moves) [26]. Our TS
implementation evaluates each candidate move according to
its move type. To resolve situations in which one can either
increase z on the cost of increasing ii or decrease ii on the
cost of decreasing z we incorporate a strategic oscillation
component [6] so that the algorithm strives to improve z for
a given number of iterations, then switches to decreasing ii,
then switches back to z improvements, etc. This trade-off is
illustrated in Fig. 2.
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Fig. 2: Trade-off between TS moves that either improve ii or z.

To ensure that the algorithm always finds a solution for
the MIP the TS starts with optimizing the integer infeasibil-
ity only. Once a MIP-feasible solution is found the strategic
oscillation is activated. While the tabu status in our imple-
mentation is solely based on recency and frequency informa-
tion (see above) we use an aspiration criterion to allow
moves that lead to a new best feasible MIP solution even if
they are currently tabu.

IV. EMPIRICAL STUDY

A. Overview
The empirical evaluation of DSVM strives to benchmark

the predictive performance of DSVM in standard as well as
cost-sensitive settings. We consider four data sets from the

Statlog project [27] and the UCI machine learning library
[28] as a case study. The two credit scoring data sets Austra-
lian credit (ac) and German credit (gc) serve as examples
from the field of managerial decision making while heart-
disease (hrt) and Wisconsin breast cancer (whc) exemplify
cases of medical diagnosis. A brief description of data set
characteristics is given in Table 1. Each data set has been
partitioned into 2/3 training set for model building and 1/3
test set for out-of-sample evaluation.

TABLE 1:
DATA SET CHARACTERISTICS*
#cases #features #class -1 #class +1
ac 690 14 307 383
gc 1000 24 700 300
hrt 270 13 150 120
whc 683 10 239 444

* We use the pre-processed data sets that are available via the LIBSVM
homepage [29].

Experiments have been conducted in a cluster of 35 work-
stations. While facilitating fast computation this set-up pro-
hibits direct comparisons of training times due to varying
machine configuration. Therefore, we have conducted some
preliminary experiments on a single pc using the ac data set.
For most parameter settings, the standard SVM classifier
could be constructed in less than 30 sec. while DSVM re-
quired about 13 mins. However, this poor performance is
partially due to using a slow simplex implementation so that
we expect substantial improvements when incorporating
CLEX [20] in future work on DSVM, see also Section V.

B. Predictive accuracy of DSVM

Using the four data sets we compare DSVM versus SVM
with linear (lin), radial (rad) and polynomial (poly) kernel.
Since DSVM s a linear classifier, we use the decision tree
approach (Section I1.C) to construct hierarchical classifiers
with tree depth of two (DSVM-DT2) and three (DSVM-
DT3) levels. The balanced error rate (BER) is used to meas-
ure predictive accuracy. BER is calculated as:

BER = O.5[$+ﬂ}

+ —

(10)

In (10), FP denotes the number of false positive cases (hum-
ber of false class +1 predictions) while FN (false negatives)
measures the opposite error. We use N,/ N_to represent the

overall number of positive/negative examples within a data
set.
Hyperparameters, e.g. S and kernel parameters for stan-

dard SVM have been determined by cross-validation (CV)
adopting a grid search strategy [3, 30]. For each classifier,
the parameter setting providing the lowest 10-fold CV BER
is selected and evaluated on the test set. Results are given in
Table 2.



TABLE 2:
BALANCED ERROR RATE OF SVM AND DSVM
Training® Test
BER FP FN BER?> FP FN

ac
SVM(lin) 013 43 18 015 26 10
SVM(rad) 014 48 17 014 29 6
SVM(poly) 009 15 24 020 16 28
DSVM 013 46 15 019 31 8
DSVM-DT2 010 26 20 019 25 17
DSVM-DT3 009 26 15 019 28 14

gc
SVM (lin) 0,32 46 98 0,34 13 66
SVM (rad) 0,32 30 63 0,34 17 63
SVM(poly) 032 30 72 032 14 61
DSVM 0,30 37 106 0,33 17 70
DSVM-DT2 0,28 37 106 0,31 14 65
DSVM-DT3 0,28 37 106 0,31 14 65
hrt
SVM (lin) 014 12 14 021 6
SVM (rad) 0,15 11 17 0,22 4
SVM(poly) 013 10 14 020 5 10
8
7
7

DSVM 0,12 8 15 0,20

DSVM-DT2 0,08 8 7 0,21

DSVM-DT3 0,05 5 5 0,21
whc

SVM(lin) 003 5 8 004 3 3
SVM (rad) 003 4 9 003 2 5
SVM (poly) 0,02 4 4 007 7 4
DSVM 002 10 4 004 7 2
DSVM-DT2 002 5 5 004 4 3
DSVM-DT3 002 5 4 004 5 3

! Results on the training set are averaged over the ten CV folds.
2 We use bold face to highlight the classifier that provides the lowest BER
for the respective data set.

From Table 2 we conclude that the predictive perform-
ance of DSVM’s is competitive to standard SVM and other
classifiers that have been evaluated in previous benchmark-
ing studies on the same data [3, 5, 31]. However, consider-
ing the increased complexity of DSVM training a competi-
tive performance is not sufficient to justify the application of
this method. In fact, these results suggest that the potential
negative effect of approximating classification error in stan-
dard SVM is minor. On the other hand, real world applica-
tions regularly involve asymmetric misclassification costs
and the impact of error approximation might be larger under
these constraints. Therefore, we consider cost-sensitivity in
the following experiments.

C. Cost-efficiency of DSVM

DSVM allows an explicit integration of misclassification
costs. Therefore, we expect it to outperform standard SVMs
in cost-sensitive settings and compare them under varying
cost-distributions. We consider applications where FP is less
severe than FN. Let C* denote the cost for a FN error, e.g.
classifying a bad credit risk as credit-worthy, and C~ the
costs for FP respectively. Without loss of generality we can
set C~ to one and scale C* accordingly. Obviously, there is
some cost asymmetry where the classifier avoids the more
expensive error type FN completely and always predicts the
positive class. A pre-test revealed that this point is reached
at the latest at a ratio of C*:C~ =50:1 for our data. Conse-

quently, we consider cost distributions from C*:C™ =2:1
to 50:1 and repeat the previous benchmark (Table 2) for
each distribution. Again, free parameters have been deter-
mined by 10-fold cross-validation, this time using misclassi-
fication costs as performance metric. That is, the classifier
providing minimal misclassification costs within 10-fold CV
is selected and evaluated on the test set. To increase read-
ability we aggregate our results into five groups of increas-
ing cost asymmetry. Since aggregation prohibits the calcula-
tion of real cost values we report the average number of
false positive and false negative predictions within each
group. Results are presented in Table 3.

TABLE 3:
RESULTS FOR SVM AND DSVM UNDER DIFFERENT COST-DISTRIBUTIONS

Results for csSVM Results for DSVM

Data set training Test training test

F F
Cost ratio FP N FP N FP FN FP FN
ac
2:1-5:1 50 10 33 7 50 10 34 6
6:1-10:1 80 0 46 6 73 7 45 4
11:1-15:1 80 0 46 6 113 2 52 3
16:1-20:1 80 0 46 6 113 2 63 2
25:1-50:1* 80 0 46 6 142 1 65 1
gc
2:1-5:1 170 4 76 26 238 23 71 17
6:1-10:1 350 0 168 2 377 3 148 4
11:1-15:1 360 0 175 1 395 3 162 1
16:1-20:1 360 0 175 1 400 2 168 0
25:1-50:1* 360 0 175 1 400 2 168 0
hrt
2:1-5:1 20 0 12 7 27 4 13 7
6:1-10:1 20 0 13 6 34 2 16 6
11:1-15:1 20 0 13 6 45 1 21 3
16:1-20:1 20 0 13 6 60 0 28 0
25:1-50:1* 20 0 13 6 60 0 28 0
whc
2:1-5:1 0 0 4 4 10 4 4 2
6:1-10:1 0 0 4 4 21 2 9 2
11:1-15:1 0 0 4 4 29 1 12 1
16:1-20:1 0 0 4 4 29 1 12 1
25:1-50:1* 0 0 4 4 29 1 12 1

* We used a step size of 5 to increase asymmetry in cost distributions from
a ratio of 20:1 onwards. Consequently, this group contains approximately
the same number of elements as the other groups.

Both classifier react to increasing cost asymmetry with
reducing the more “expensive” false negative error therewith
accepting more false positives. This behavior is desirable
and results in overall lower misclassification costs. It is
noteworthy that DSVM consistently produces smaller FN
errors than SVM which confirms our initial conjecture that
this technique is well suited for cost-sensitive learning. Re-
garding less severe FP errors we cannot observe a clear
trend. DSVM is better under some distributions while being
inferior to standard SVM in other settings.

We conclude that DSVM is indeed a promising candidate
classifier in scenarios involving imbalanced cost-
distributions. This makes the technique particularly well
suited for classification in medical settings. Clearly, missing
a positive result when detecting tumors from Magnetic
Resonance Imaging scans might induce dramatic conse-



quences while a small number of false alarms is tolerable if
the scans are subsequently re-screened by medical personal.
Therefore, a small reduction of FN errors can be a substan-
tial improvement and very well compensate an increase in
training times.

V. CONCLUSIONS

We argued that the approximate handling of errors in
standard SVM might lead to inaccurate predictions. To ver-
ify this assumption we considered the DSVM classifier and
proposed a new tabu search heuristic for solving the result-
ing MIP which exploited the specific structure of the DSVM
training problem.

Empirical comparisons could not confirm previous find-
ings regarding the superiority of DSVM over standard SVM
[5]. However, while DSVM gave competitive results in stan-
dard settings it turned out to be a better choice when one
error type is more severe than another. This makes DSVM a
promising candidate for classification in medical diagnosis.
Further more, business application, e.g. in the field of direct
marketing, with severely asymmetric cost-distributions
would benefit from this behaviour.

We will conduct an extended benchmarking study of
DSVM in respective scenarios in future research. In addi-
tion, we plan the development of a novel heuristic for
DSVM training, hybridizing elements from tabu search with
a stochastic component. In this context we will investigate
the solution space of DSVM and the path of TS through this
space in more detail. In particular, the appropriateness of
using an LP-optimal solution as starting point for the meta-
heuristic requires further clarification. While we adopted
this approach from the literature [6] some experiments sug-
gest that it might be detrimental for overall training speed
since the search oscillates back and forth in a region of at-
traction around the LP-optimal solution.
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