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ABSTRACT

Manifold learning is becoming an important research
topic in both statistics and machine learning. Many works
have appeared. A series of newly proposed algorithms have
been proven to be effective in a wide range of applications.
In many cases, the theoretical properties are not completely
known. It is interesting to see that many algorithms depends
on specific linear invariant subspaces. We recently derived
performance bounds on these algorithms [1, 2]. Moreover,
detailed analysis on these algorithms, especially the consid-
erations of locally utilized dimensions and the property of
the associated algorithms, demonstrates that there are com-
mon principles in designing an efficient manifold learning
algorithm. We reveal these principles and utilize them to
analyze existing manifold learning algorithms. Our prod-
ucts include interpretation of some reported numerical ex-
amples, as well as predicted advantages and disadvantages
of existing methods.

This paper is a condensed presentation of some results
from recent works [3, 1, 2]. A purpose of making this doc-
umentation is to satisfy the requirement of an upcoming
workshop, which will be held right before the Annual Meet-
ing of INFORMS in 2006 at Pittsburgh PA, USA. See “http:
//dm.section.informs.org/WorkshopCFP.doc” for workshop
details.

Many results reported here are joint works with Andrew
K. Smith, a co-author of [1, 2].

1. INTRODUCTION

Manifold-based learning is an emerging and promising ap-
proach in nonparametric dimension reduction. In [3], au-
thors review the state-of-the-art mathematical developments,
as well as some interesting applications. The following pro-
vides a brief summary.

A manifold is a topological space that is locally Eu-
clidean (i.e., around every point, there is a neighborhood
that is topologically the same as the open unit ball in the Eu-
clidean space). A good example of a manifold is the Earth.
Locally, at each point on the surface of the Earth, we have a
3-D coordinate system: two for location and the last one for

the altitude. Globally, it is a2-D sphere embedded in a3-D
space.

Manifolds offer a powerful framework of dimension re-
duction. The key idea of dimension reduction is to find the
most succinct low dimensional structure that is embedded
in a higher dimensional space. Historically, Occam’s razor
has been used to justify dimension reduction. The key idea
of Occam’s razor is to choose the simplest model from a
set of equivalent models to explain a given phenomenon. It
is easy to see that a manifold structure gives a dimension
reduction. Moreover, if the data are indeed generated ac-
cording to a manifold, then a manifold-based learning is, in
some sense, optimal.

A detailed description on some manifold-based dimen-
sion reduction algorithms is given in [3]. The next section
(Section 2) offers a quick summary. The main idea is to give
an overview. Recent works [1, 2] have established some
theoretical performance bounds on manifold-learning algo-
rithms. This paper should be considered an advertisement
for the contents of [1, 2].

2. A SURVEY

In [3], five categories of methods/algorithms are presented:

1. Classical methods, including principal component anal-
ysis (PCA). Other methods are related, such as factor
analysis and techniques in multivariate analysis.

Principal Component Analysis (PCA) is one of the
most classical methods in dimensional reduction. PCA
is also known as the Karhunen-Loève transform, or
singular value decomposition (SVD). The key idea of
PCA is to find the low-dimensional linear subspace
which captures the maximum proportion of the varia-
tion within the data. A key assumption of PCA is that
the underlying structure is a linear subspace.

2. Semi-classical methods, including multidimensional
scaling (MDS) [4, 5].

MDS is the name of a group of methods that have
found a wide range of applications. The key idea is



to find a mapping from a high-dimensional space to
a low-dimensional space, such that the pairwise dis-
tances between the observed points are preserved the
best. An intuitive example is to recover the relative
positions of cities from the inter-city distances. Imag-
ine that the exact locations (coordinates) of N cities
are lost. However, we have the driving distances be-
tween pairs of them. These distances form an ma-
trix. Based on this matrix, MDS can recover a 2-D
coordinate system that includes the locations of the-
ses cities, subject to a rigid motion (a combination of
rotation, shifting, and reflection), such that the dis-
tances among the points on this 2-D plane are close
to the driving distances among those cities.

The above in fact gives an example of metric MDS
[6, 7], which is relative to nonmetric MDS [4, 8] that
are reviewed in [3].

3. Manifold searching methods, including generative to-
pographic mapping (GTM) [9], local linear embed-
ding (LLE) [10], and ISOMAP [11]. These methods
inspired a lot of contemporary works. New and bet-
ter methods have been introduced, as described in the
following. Due to their historical contribution, these
papers are highly cited.

4. Methods rooted in continuum spectral theory, includ-
ing the Laplacian eigenmaps [12] and Hessian eigen-
maps [13], which are based on elegant theory in spec-
tral analysis, and then discretize the results in the con-
tinuum to generate numerical approaches. We will
analyze the performance of hessian eigenmaps later.
These methods overcomes come shortcomings of ear-
lier methods (e.g., LLE and ISOMAP). For example,
Hessian eigenmaps do not require the domain of the
manifold to be convex.

5. Advanced manifold methods, including charting [14]
and local tangent space alignment (LTSA) [15]. These
methods are based on global alignment. The key in-
sight in these methods is the realization that the global
alignment can be achieved via an eigenvalue com-
putation. In our numerical experiments, most of the
time, LTSA is the most desirable.

All the above methods have the spirit of finding the em-
bedded geometric structure, i.e., a manifold. Different meth-
ods are based on different ideas. In order to determine their
performance, it may seem like methods should be analyzed
separately. As a matter of fact, many of them eventually
become null-space searching algorithms. (Recall that null-
spaces are spanned by the solutions of a system of linear
equations corresponding to a predetermined matrix.) Hence,
if we can characterize the behavior of null-spaces under un-
certainty, we can provide a unified analysis of some of the

aforementioned methods. In [3], it is reviewed that LLE,
Hessian eigenmaps, and LTSA are null space-based meth-
ods. The results that will be mentioned in the next two sec-
tions rely on analysis of null-spaces too.

3. ANALYSIS OF LTSA

In this section, we review the main result in [1]. As men-
tioned before, manifold learning (ML) algorithms are novel
and model-free dimension reduction (DR) approaches. Re-
searchers inmanifold learninghave invented many efficient
algorithms. We would like to emphasize the differences of
these algorithms from traditional statistical DR methods:

1. There isno parametric model assumed for the ob-
served data; although we assume a mapping between
the observations and a set of intrinsic (low-dimensional)
vectors.

2. The sampling density is high enough to ensure the
recovery of the underlying structure on its support.

We adopt a statistical model:yi = f(xi) + εi, i =
1, 2, . . . , n, whereyi denotes a high-dimensional noisy ob-
servation,f(·) is a mapping satisfying some local regularity
conditions,xi is a low-dimensional intrinsic parameter,εi

is a random error, andn is the sample size. The objective
of DR is to find the set{xi}, without any parametric model
assumption onf except local smoothness. Our performance
analysis will be different from manifold learning, which in
general considersnoiselessobservations:yi = f(xi), i =
1, 2, . . . , n; i.e., ignoring additive random errors. In numer-
ical simulations, all of these algorithms are observed to be
robust against errors.

The main contribution of [1] is to establish a perfor-
mance property of a manifold learning algorithm under the
presence of errors. The key idea in our analysis is to treat the
solutions of manifold learning algorithms as invariant sub-
spaces, and then carry out a matrix perturbation analysis. It
has been reported by many (e.g., [10, 12, 13, 14, 15]) that
solutions of their manifold learning algorithms correspond
to invariant subspaces which are spanned by the eigenvec-
tors associated with the2nd through(d+1)st smallest eigen-
values of certain matrices. The form of such a matrix de-
pends on the details of the algorithm. These subspaces are
clearly invariant, because they are spanned by eigenvectors
[16, Section I.3.4].

LTSA is chosen because it is representative. First of
all, in numerical simulation (e.g., using the tools offered
by [17]), we find empirically that LTSA performs among
the best of the available algorithms. Second, the solution
to each step of the LTSA algorithm is an invariant subspace,
which allows us to analyze its performance by applying ma-
trix perturbation theory. Third, the similarity between many



manifold learning algorithms (e.g., LLE, Laplacian eigen-
maps and Hessian eigenmaps) that their solutions can all be
interpreted as invariant subspaces indicates that resultsfor
LTSA can be generalized to other algorithms.

The theoretical result in [1] gives a worst case bound on
the performance of LTSA. To be more specific, letxi, i =
1, 2, . . . , n, denote a set of low-dimensional vectors. For
reasons which will become evident later, we call this set the
true parametrization. Let yi, i = 1, 2, . . . , n, denote the
observed high-dimensional vectors that are generated ac-
cording toyi = f(xi) + εi, and assume thatf is locally
regular. Let{x̃i, 1 ≤ i ≤ n} denote the estimated param-
eter set. LetR(X̃) (resp.,R(X)) denote the invariant sub-
space that is associated with the set{x̃i, 1 ≤ i ≤ n} (resp.,
{xi, 1 ≤ i ≤ n}). (Details regarding invariant subspaces
can be found in [1].) We prove the following regarding the
distance between the two invariant subspaces, which conse-
quently gives the worst case analysis on the performance of
LTSA:

‖ tan(R(X̃),R(X))‖2

≤ 4 ·
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,

whereC3 is a constant that depends on the dimension of
the observations, the regularity of the functionf and the
value of an algorithmic parameter that is used in LTSA,σ

is an upper bound on the absolute values of the random er-
rors,τ denotes the size of the neighborhoods, within which
f is assumed to be well-behaved,‖

∑n

i=1
Si‖∞ is equal to

the maximum number of times that a single observation ap-
pears in nearest-neighbor sets, andℓmin is a constant deter-
mined by the global structure of the mappingf . The above
inequality is established under the conditions thatτ → 0,
σ
τ

→ 0, andℓmin → 0 at a rate slower than the first two
so that the right hand side of the inequality goes to0; more
specifically,
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→ 0.

Performance analysis will provide theoretical founda-
tion for the application of ML algorithms. To the best of
our knowledge, [1] is the first attempt of this kind.

The aforementioned result differs from most existing
classical DR methodologies. Due to the amount of liter-
ature in DR and the space limitation, we just discuss two
of the most popular branches in DR, while mentioning that
there are many more.

• Principal component analysis (PCA) and multidimen-
sional scaling (MDS), together with many extensions,
are widely known in statistics. In contrast to PCA,
a manifold learning algorithm doesnot require the
underlying structure to be a linear subspace. Unlike

MDS, a manifold learning algorithm does not impose
the same pairwise distances in the data (or observa-
tion) space. For example, MDS will fail in the ped-
agogical numerical example that is presented in [1].
That example gives a case in which it is not necessary
to keep the pairwise distances between observations.

• A recent branch of research in DR involves the idea of
acentral subspace.The most recent work that we are
aware of in this area is Cook and Ni [18]. A central
subspace is defined only when a response is present -
hence it is a supervised learning problem, compared
to the unsupervised learning problem that is discussed
here. A central subspace is still a globally linear sub-
space, however, while manifold learning makes no
such assumption.

There are still open questions to be addressed (Section
3.1). In addition to a discussion on the relation of LTSA
to existing DR methodologies, we will also address relation
with known results as well (Section 3.2). The following is
quoted from [1]. We refer to the original paper for more
detailed information.

3.1. Open Questions

The rate of convergence ofℓmin is determined by the topo-
logical structure off . It is important to estimate this rate of
convergence, but this issue has not been addressed here.

We assume thatτ → 0. One can imagine that it is true
when the error bound (σ) goes to0 and when thexi’s are
sampled with a sufficient density in the support off . An
open problem is how to derive the rate of convergence of
τ → 0 as a function of the topology off and the sampling
scheme. After doing so, we may be able to decide where
our theorem is applicable.

We assume that the coveringPi is given, such thatτ →
0 holds. Given a covering scheme, such as choosing thek-
nearest neighbors, a verification ofτ → 0 and a derivation
of its corresponding rate is an open question too. The an-
swer to this will depend on the topology off , which is not
covered in this paper, and the sampling scheme.

3.2. Relation with Existing Works

The error analysis in the original paper about LTSA is the
closest to our result. However, Zhang and Zha [15] do not
interpret their solutions as invariant subspaces, and hence
their analysis does not yield a worst case bound as we have
derived here.

Reviewing the original papers on LLE [10], Laplacian
eigenmaps [12], and Hessian eigenmaps [13] reveals that
their solutions are subspaces spanned by a specific set of
eigenvectors. This naturally suggests that results analogous



to ours may be derivable as well for these algorithms. A re-
cent book chapter [3] stresses this point. After deriving cor-
responding upper bounds, we can establish different proofs
of consistency than those presented in these papers.

ISOMAP, another popular manifold learning algorithm,
is an exception. Its solution cannot immediately be ren-
dered as an invariant subspace. However, ISOMAP calls for
MDS, which can be associated with an invariant subspace;
one may derive an analytical result through this route.

The DR problem considered here is an unsupervised
learning problem. There are supervised learning problems
that are of similar flavor, e.g., contour regression and inverse
regression [19]. As mentioned before, the rich literature in
the supervised counterpart (e.g., the concepts ofexhaustive-
ness, sufficiency, central subspaces, etc) gives motivation to
derive corresponding results in the supervised framework.

4. PERFORMANCE ANALYSIS ON HESSIAN LLE

The following content is mainly from [2].
In [13], the authors present a new nonlinear dimension-

ality reduction algorithm — Hessian locally linear embed-
ding (HLLE). Along with it, they present an intriguing The-
orem which, intuitively, suggests that their algorithm is con-
sistent — that is, with a sufficiently large sample, the algo-
rithm can recover the underlying parameters up to an isom-
etry. However, the Theorem does not actually establish this
property. It is a statement about a functional in the contin-
uum, which involves unknown quantities, while the algo-
rithm forms a discrete estimate of this functional based on
the sample data points. Thus, in order to establish rigor-
ously the consistency of this method, several issues of con-
vergence need to be investigated. In [2], it is shown that the
estimated quantities used in the algorithm converge to their
counterparts in the continuous manifold.

Paper [2] makes several contributions. First, the results
give new understanding of the asymptotic properties of the
HLLE algorithm. To our knowledge, this is the first time
that the consistency of the algorithm has been proven. The
proof also yields insight into the factors that affect the per-
formance of the algorithm, and the implications of various
geometric properties of the underlying manifold on the abil-
ity of HLLE and similar algorithms to recover the manifold
structure. Second, the authors propose a modified estima-
tor of the Hessian matrix and demonstrate that it results in a
small improvement in performance in terms of Procrustes
error [20]. If this small improvement in performance is
viewed as significant, then obviously the contribution is im-
portant. If the improvement is judged to be insignificant,
then they have provided stronger theoretical support for the
existing methodology — i.e., in this case, HLLE performs
almost as well as a modified estimator, which has many op-
timality properties due to the fact that it is a least-squares

estimate. Finally, authors provide new insight into the con-
nections between HLLE and LTSA [15].

5. COMPARISON OF LTSA AND HLLE

The following is from [2] and is mainly due to the first au-
thor (Andrew K. Smith) of that paper.

Since we have now established the consistency of both
LTSA and HLLE as long as certain regularity conditions
are imposed on the underlying manifold, it seems natural to
wonder if the two algorithms are, in some sense, equivalent.
In this Section, we investigate this question and show that
there is, in fact, a strong similarity between the two, despite
the considerable differences in their actual implementations.

Due to space, we omit a review of the notations and as-
sume that readers are familiar with the notations that are
used in [2]. Consider again the Taylor expansion of aC2

functionf : M → R at a sample point:

f(yij
) = f(yi) + Jf (yi)(yij

− yi)

+
1

2
(yij

− yi)
T Hf (yi)(yij

− yi)

+O(‖yij
− yi‖

3)

Now, recall that LTSA, in its second step, finds the null
space of the matrix (see [15] and [1] for details)
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The connection between the two may be viewed as follows:
First, recall the Theorem proven in [13]: The functional

H(f) =

∫

M

‖Hf(m)‖2

F dm (1)

has ad+1-dimensional nullspace, consisting of the constant
function and thed isometric coordinate functions. LTSA
and HLLE are both ways of finding functions which are
well-approximated by their estimated derivatives given by
the optimald-dimensional approximation over each neigh-
borhood — the difference is only in the way they define
“well-approximated.”

In view of assumptions in [2], we may assume that

UiU
T
i ≈ Jg(yi)J

T
g (yi) (2)



by noting that these two matrices are projections, and there-
fore are functions only of the column space of the two ma-
trices, and are invariant with respect to the bases chosen.
To see this, suppose that the columns of two matrices, say
A andB ∈ R

m×n, form orthonormal bases of the same
subspace. Then we haveA = BV for some orthogonal
V ∈ R

n×n. Then, by definition, the projection onto the
column space ofA is given byAAT = BV (BV )T =
BV V T BT = BBT , which is the projector onto the col-
umn space ofB.

Suppose thatfk : M → R, k = 1, 2, . . . , d are the
global coordinate functions of the data points, and letF =
(f1, f2, . . . fd)

T . Then, because thefk are functions ofθ,
the underlying parameters, it is easy to see thatR(JT

F (yi)) ⊂
R(Jg(yi)). On the other hand,JT

F (yi) clearly has rankd,
as doesJg(yi). Thus,R(JT

F (yi)) = R(Jg(yi)). Further,F
must be a locallylinear function ofθ. Therefore, we have

‖(I − JT
F (yi)JF (yi))g(F (Yi))‖

= ‖(I − Jg(yi)J
T
g (yi))g(F (Yi))‖

≈ ‖(I − ÛiÛ
T )g(F (Yi))‖ (3)

= O(τ2)

wheref(Yi)
def
= (f(yi1), f(yi2), . . . f(yin

))T . Thus,(I −

ÛiÛ
T
i )f(Yi) may be viewed as the approximate error of the

first-order Taylor expansion off , usingÛi as an approxi-
mation toJT

g (yi).

Meanwhile, HLLE minimizeŝQiQ̂
T
i , which, as we have

seen, is a (somewhat crude) estimate of‖Hf(yi)‖
2

F . To

see the connection with (1), notice that, if we setτmin
def
=

mini,j{‖yij
− yi‖}, we have

τ2

min‖Hf (yi)‖ ≤ ‖(yij
− yi)

T Hf (yi)(yij
− yi)‖F

≤ τ2‖Hf(yi)‖.

So HLLE seeks functions that minimize the second term in
(1). In this sense, LTSA may be interpreted as seekingd

orthogonal scalar functions which minimize

d∑
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N∑

i=1

k∑

j=1

‖fl(yij
) − (fl(yi) + Jfl

(yi)(yij
− yi))‖

2

2

while HLLE seeksd orthogonal scalar functions which min-
imize

d∑

l=1

N∑

i=1

k∑

j=1

‖(yij
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T Hfl
(yi)(yij

− yi)‖
2
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(See [15] for more details on the interpretation of LTSA
as an optimization problem.) Essentially, then, recalling
(1) and (4), we see that the two are just different ways of

exploiting a Taylor expansion by assuming that the obser-
vations are smooth functions of the underlying parameters.
The difference is simply that LTSA seeks functions for which
the first-order Taylor approximation is most accurate, while
HLLE seeks to minimize the second term in the Taylor ex-
pansion. Asymptotically, of course, these are equivalent
since the second term dominates the remainder asτ → 0.
We expect, therefore, that the difference between the results
of the two algorithms, after allowing for a possible rota-
tion and reflection, is ofO(τ3). Notice that this is consis-
tent with some experiments in [2], in which we observe that
the Procrustes errors for both LTSA and HLLE converge to
zero, and seem to do so at nearly the same rate, since the
error curves coincide almost exactly for larger values ofN .
However, the above explanation leads us to expect that the
two might differ more substantially if the underlying mani-
fold has large third- and higher-order derivatives at leastat
some points.

What, then, should we make of the differences between
the two algorithms? From a computational perspective, LTSA
is the clear winner. It only requires the computation of the
pseudo-inverse of the left-singular vectors of each local sin-
gular value decomposition, and leads to a sparse eigenvalue
problem. HLLE, on the other hand, requires the compara-
tively difficult computation of both the second-order matrix
of cross products and itsQR-factorization at every neigh-
borhood. In practice, LTSA is far faster (in our particu-
lar simulations, about an order of magnitude faster). From
a purely statistical perspective, however, there is no clear
winner. The importance of the higher-order terms in the
Taylor expansion seems to be specific to each particular ap-
plication. If we have reason to suspect that higher-order
derivatives may be large, then LTSA may offer a significant
improvement. However, if we anticipate that the data may
be explained by a simple curve (in particular, if we suspect
a priori that the underlying manifold may be represented as
a function with only first- and second-order terms in the pa-
rameters), then LTSA may be more sensitive to noise in the
data, while HLLE would be relatively more stable. We sus-
pect, therefore, that neither algorithm will strictly dominate
the other in terms of performance — the choice of which al-
gorithm is preferable will depend on the particular problem
under consideration.

6. FINAL COMMENT

Readers are encouraged to read [1, 2] for more specific in-
formation.
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